1

2

Note for the tetrahedron method in DFPT and
electron-phonon calculations

Mitsuaki Kawamura, ISSP
March 30, 2023

Definitions

Eknos Ektqnio, -+ 1 Kohn-Sham eigenvalues
ep : Fermi energy

wgy + Phonon frequency

Gnpnkiq - €lectron-phonon vertex

N(er) : Density of states (for both spin) at the Fermi energy

Equations in DFPT and Electron-Phonon

We employ the tetrahedron method in the following equations in the DFPT with the ultrasoft
pseudopotential [1]:

d(er — €ip) in Eqn. (25). It is stored in a variable dfpt_tetra_delta(1l:nbnd,1:nks)
computed in subroutines dfpt_tetra_main and dfpt_tetra_calc_delta.

0(er — €kvo) in Eqn. (B17). It is wg(1:nbnd, ik) /wk (ik).
Eqn. (B19),

wkva,k—i—qv’o = 6‘(517 - Ekva)e(gkva - €k+qv’a) + (9(81: - 5k+qv’o)9(5k+qv’a - 5kva)' (1)

It is stored in a variable dfpt_tetra_ttheta(1l:nbnd,1:nbnd,1:nks) computed in sub-
routines dfpt_tetra_main, dfpt_tetra_calc_betal, dfpt_tetra_calc_beta?2,
and dfpt_tetra_average_beta.

Eqn. (B28),

Bkvcf,k—i—qv’a - e(gF - gkvcr)e(gkva - 5k+qv’0) + 9(6};‘ - €k+qv’a)0(5k+qv’a - Ekvo)

Oep — € —0O(ep — ¢
+ ak+qv'0 ( a ka) ( d k+qv/a)9<€k+qv’a - gkvo)- (2)
Ekvo — 5k+qv’a

It is stored in a variable dfpt_tetra_beta(1l:nbnd,1:nbnd,1:nks) computed in subrou-
tines dfpt_tetra_main, dfpt_tetra_calc_betal, dfpt_tetra_calc_beta?2,
dfpt_tetra_calc_beta3, and dfpt_tetra_average_beta.
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We also employ the tetrahedron method in calculations of the Flohlich parameter

2 v
)\ql/ - ]V(T)(’UQV ]; |gn/k+an|25(€nk - 6F)5(En,k+q - EF) <3)

(when electron_phonon="lambda_tetra"), and

2 v
A = N(r)aZ, > [6(er — enk) — 0(er — ewriq)l6(Enhia — Enk — Wa)[9hmmi i (4)

v knn’

(when electron_phonon="gamma_tetra").

2.1 Tetrahedron method for DFPT

First, we cut out one or three tetrahedra where 0(ep —e,;) = 1 from tetrahedron 7" and evaluate
Enks En'k+q at the corners of 7" (See Appendix A and B of the previous study[2]). Second, we
perform the following integration in each tetrahedra [Eqn. (C3) in that paper] :

1 1 1 1
0 —1
WiZGV”/ dxl/ dl‘g/ d[l)g/ d$4x (331+SU2+(133+$4 )
0 0 0 0 dyzq + doxg + dyxs + dyy
Ind;—Ind;
1@ ( dindig, — 1)

— _V// J ,
2 [T i (dy — di)

=15

()

where d; is €,/k4q — €nk at the corner of the trimmed tetrahedron.
For avoiding a numerical error, we should not use the above formula as is. Practically, we
use the following formulae according to the degeneracy of dy, - - - dy.

e When dy,---d4 are different each other,

4 = (ln(dz) —In(d) , 1) d; Ay — (1n(d3) —In(d) , 1) ds

dy — dy dy —dy’ ds — dy ds —dy’
11’1((14) — ln(dl) d4 A2 — Ag A4 — A3
Ay = dy—1) ————, By = d By = d
4 ( d4 _ d1 4 d4 _ dl’ 2 d2 _ d3 2 4 d4 _ d3 45
By — By
Wy = . 6
' dy —dy (6)
e When d; = d4,
A2 . ln(dQ) — ln(d1>d2 1 dg . ﬁ7 , = A2 7
dy — dy do —dy 2 dy — dy
A3 _ hl(dg) — hl(dl>d(3 1 d?)) _ ﬁ) y = Ag 7
ds — dy ds—dy 2 ds — dy
B; — By
Wy = 7
YT Ay — dy (7)



e When d3 = d4,

ln(dg) — hl(dl) d2A2 ln(dg) — hl(dl) d3A3
Ay = dy—1, By= Az = dy—1, By= -3
2 dz—dl 2 ) 2 d2_d17 3 d3—d1 3 ) 3 d3_d17
Bg - Bg ln(d3) - ln(dl) 203d1 D3
= = dy—1, Ds=1-— By =
02 dg — d2 ) C13 d3 — dl 3 ) 3 dg — dlv 3 dg — dlv
dsE5 — doCo
W= ———-=. 8
YT dy—dy (8)

When d4 = d1 and d3 = dQ,

ln(dz) — ln(dl) 2d2A1 3d281
A=1- dy, Bi=-—1 — 1
1 R P
¢,
R r) Y

When d4 = dg = dg,

ln(dg) — ln(dl) 2d2A1 3dQBl
Ay =1- dy, B=-1 Cy=—1
1 4y — d, 1y 1 +d2—d1’ 1 +d2—d1’
Ch
W= ———. 10
" 2(dy — dy) (10)
e When d4 = d3 = d17
hl(dz) - ln(dl) 2d2A1 3d281
A =—1 dy, By =—1 Cr=—1+-—"T1
' T g T4 T 3dy )’
Ch
W)= ——. 11
YT 3(dy — dy) (11)
¢ When d4 :Clg :dg = dl,
N (12)
YT 4dy

Other weights are calculated by using the permutation.

3 Tetrahedron method for electron-phonon

3.1 Eqn. (3)

First, we cut out one or two triangles where €, = er from a tetrahedron and evaluate €,/
at the corners of each triangles as

Z (eh, - ek ep)e ™. (13)



En'k+q — €F

(b) )
= 4

Figure 1: How to divide a tetrahedron in the case of ¢; < ep < g5 (a), g2 < ep < e3 (b), and
g3 < ep < ey (c).

Then we calculate §(e,444, — €F) in each triangles and obtain weights of corners. This weights
of corners are mapped into those of corners of the original tetrahedron as

3
S k /
Wi = 2; Vien Fji 76475F)Wj' (14)
Fij and > are calculated as follows (a;; = (g; —¢;)/(er — €;)):

e When ¢; < ep < ey < g3 < ey [Fig. 1(a)],

a2 az 0O 0 g
3
F={asz 0 a3 0 ], Voo, Corfafal (15)
a0 0 ay k€K EF — &1
e When ¢; < gy < e < g3 < ey [Fig. 1(b)],
ais 0 asy 0 S 3
F=1lay 0 0 ay]|, Voo, Cardun s (16)
0 24 0 49 K<k fFT &
a3 0 az 0 g 3
F=10 as3 ap 0 ], Voo, ke (17)
0 ag 0 ap k€K Er — &1
e When ¢; < &y < e3 <ep < gy [Fig. 1(c)],
ayg 0 0 an S
3
F = a1z Qo4 0 49 = @144924%31 (18)
VkEk 1 —€F

a2 0 azs ags
Weights on each corners of the triangle are computed as follows [(a

iy = (€ —€5)/(er —9))):

e When &} <ep < ¢, <¢f [Fig. 1(d)],

/ /
W, = L(a}y + a}3), Wy = Laly, W3 = Lay,, L= % (19)
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e When &} <&, <ep <¢f [Fig. 1(e)],

/ /
Wi Ly Wi= Ly Wi=Lldy+d), L= ()
3

3.2 Eqn. (4)
In this case, we cut tetrahedra in the same manner to the case of

9(€F - gkvo) - 9<5F - 8k+qv’o’)

Ekve — Ek+quio

0(extquio — Ekvo) (21)
in the DFPT calculation. Then we evaluate §(€,/k4q—Enk—wqy) in the trimmed tetrahedra.
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